This article models the dynamics of cilia-based devices (soft cantilever-type, vibrating devices that are excited by external vibrations) for mixing and manipulating liquids in microfluidic applications. The main contribution of this article is to develop a model, which shows that liquid sloshing and the added-mass effect play substantial roles in generating large-amplitude motion of the cilia. Additionally, experimental mixing results, with and without cilia, are comparatively evaluated to show more than one order-of-magnitude reduction in the mixing time with the use of cilia.
Introduction
This article models the dynamics of cilia-based devices (soft cantilever-type vibrating devices that are excited by external vibrations) for mixing and manipulating liquids in microfluidic applications. The behavior of biological cilia, discovered by Anton de Heide in 1684 [1] , has been studied in, e.g., Refs. [1] [2] [3] [4] [5] [6] . Biomimetic, cilia-like structures have been proposed for a variety of applications such as nasal filters [7] and sample transport [8] . In microfluidics, biomimetic actuators have been proposed for mixing and manipulation in liquid environments [9] [10] [11] [12] [13] [14] [15] . The main contribution of this article is to develop a model for a cilia-based device, which shows that the liquid sloshing (e.g., Refs. [16, 17] ) and the added-mass effect (e.g., Refs. [18] [19] [20] [21] ) play substantial roles in generating large-amplitude motion of the cilia in liquid when the chamber containing the cilia is oscillated to mechanically excite the cilia resonance. Additionally, experimental results are presented to show that the average mixing time with cilia is more than one order-of-magnitude lower than the average mixing time without cilia.
Mixing can be improved by generating complex flows in the fluid to overcome the mixing-rate limits of laminar flows that are typical at the microscale. For example, passive techniques such as channels with patterned grooves can be used to generate chaotic folding (and refolding) of the liquid as it flows past the grooves to improve mixing [22] . Such flow-type mixing can be used when a sufficiently large amount of sample is available to achieve the flow through the grooved channel. In contrast, if the amount of sample is limited, then batch-type mixing is sought in small chambers containing the sample. Batch mixing can be enhanced using a variety of actuation techniques such as high-frequency ultrasound excitation [23, 24] and time-varying external magnetic fields [14, [25] [26] [27] . In the current work, cilia are excited by low-frequency oscillations (compared to higher-frequency acoustic excitation) of the chamber containing the sample. This low-frequency mechanical excitation of cilia is advantageous for mixing samples that are susceptible to damage from high-frequency excitation and magnetic fields. The current article shows that batch mixing can be substantially improved by using cilia when compared to the case without cilia-for the same oscillatory actuation of the chamber.
The main contribution of the article is to develop a model that explains the large-amplitude cilia motion in the liquid. In general, it is difficult to generate large amplitude motion of cilia-type devices in the presence of substantial fluid damping [28, 29] . For example, the damping ratio f in liquid tends to be in the range of 0.05-0.5 [28] , which leads to a small (1.7-1.9) amplification factor (i.e., ratio of the cilia-tip motion to the excitation of the chamber) at the vibrational resonance of cilia. The current work shows that sloshing in the chambers containing the cilia can be exploited to achieve large (3-4) amplification factors. Previous work has shown that the sloshing phenomena, which is well studied in literature for large-scale systems (e.g., Refs. [16, 17] ), is also important in microsystems [30] . In the current article, such sloshing models are used to explain the largeamplitude motion of cilia observed in the experiments.
The proposed model is used to show that the added-mass effect in fluid-structure interactions should be considered to capture the excitation of the cilia resonance by the sloshing. It is noted that the added-mass effect is important in other applications, such as underwater vehicles [31] and atomic force microscopy [28] , and was introduced in early works on pendulum oscillations initiated by Dubuat-an early history of the added mass by Stokes can be found in Ref. [18] . In cilia-based devices, the added mass has been shown to reduce the resonance frequency of the cilia in liquid when compared to cilia in air [32] . The current article shows that the lowering of the cilia's vibrational frequency to be close to the sloshing resonance frequency of the chamber results in an increased excitation of the cilia resonance by the sloshing. Thereby, the added-mass effect plays a significant role in achieving largeamplitude, cilia motion.
2 Modeling the Cilia Dynamics 2.1 System Description. The displacement along the length (x) of a cilium is excited by the motion (u b ðtÞ) of the cilia base by using a piezoactuator (Burleigh PZS200) as shown in Fig. 1 . The soft cilia are fabricated from polydimethylsiloxane (PDMS) using a silicon mold. Detailed information on cilia fabrication and material properties can be found in Ref. [13] . The nominal dimensions of the silicon mold used to fabricate the cilia used in the experiments are length (L ¼ 800 lm), height (H ¼ 45 lm), and depth (D ¼ 10 lm). An oscillatory motion u c ðtÞ ¼ AsinðxtÞ of the chamber containing the cilia is achieved by using a piezoactuator as shown in Fig. 1 where A and x are the amplitude and the frequency of the oscillation, respectively. The input u b ðtÞ of the system is the motion of the base of the cilia, which is the same as the oscillatory motion of the chamber because the cilia base is attached to the chamber with a relatively stiff structure, i.e.,
The output of the system is the motion yðtÞ ¼ŷðL; tÞ of the cilia tip, i.e., at the free end with x ¼ L, as shown in Fig.  1(c) .
The input (cilia-base motion u b ðtÞ) and the output (cilia-tip motion yðtÞ) are observed by using an optical microscope with a charge coupled device (CCD) camera and the displacement amplitude of the vibrating cilia is measured using captured still images (Pinnacle Studio Version 12). A typical image of the resulting cilia vibration (due to the chamber oscillation) is shown in Fig.  1 
(b).

Euler-Bernoulli
Model of Cilia Vibration. The EulerBernoulli beam approach, e.g., Ref. [33] , is used to model the vibrational response of the cantilever-type cilia device-such standard beam theory has been used in the past to model the dynamics of microscale cantilevers in the liquid [28, 29, 32] . In particular, the dynamics of the net motionŷðx; tÞ of a vibrating cilium (beam) is given by
where the subscript b represents a property of the beam, q b is the mass density, A b ¼ DH is the cross sectional area, E is the Young's modulus, and I ¼ HD 3 =12 is the area moment of inertia. The net motionŷðx; tÞ is composed of the base motion, i.e., the input u b ðtÞ, and the elastic deflection,ŵðx; tÞ of the cilium (beam) yðx; tÞ ¼ŵðx; tÞ þ u b ðtÞ (2) as illustrated in Fig. 1(c) , and standard cantilever boundary conditionŝ wð0; tÞ ¼ 0; @ŵð0; tÞ @x ¼ 0; @ 2ŵ ðL; tÞ
The first term on the left hand side of Eq. (1) represents the inertial effects, the second term on the left hand side of Eq. (1) represents the elastic effects, and f ðx; tÞ (on the right hand side) represents the total external force (per unit length) on the cilium. The external forces acting on the cilium are described next.
External Forces.
The external force f acting on the cilium (in Eq. (1)) has four parts: (i) the drag (friction) force f f between the cilium and the fluid; (ii) the internal damping force f i ; (iii) the inertial load f m due to the added-mass effect; and (iv) the buoyancylike force f b due to the fluid acceleration f ðx; tÞ ¼ f f ðx; tÞ þ f i ðx; tÞ þ f m ðx; tÞ þ f b ðx; tÞ (4) 2.2.1.1 Drag force. The first term in Eq. (4), the distributed drag force f f due to hydrodynamic interaction, depends on the relative velocity between the structure and the fluid; it is approximated as (similar to [34, 35] )
where B f is the fluid damping parameter that depends on the flow conditions and _ u f is the fluid velocity.
2.2.1.2 Internal damping. The second term in Eq. (4), the internal damping force f i , depends on the rate of change of the beam's elastic deflection and is described by
where B i is the internal damping parameter that depends on the beam properties.
Inertial loading.
The third term in Eq. (4), the inertial load f m , arises because of the need to accelerate the fluid surrounding an object when the object is accelerated through a fluid [18] [19] [20] [21] . The inertia of the fluid exerts a resistive force on the object; this resistive force is termed as the added-mass effect because the object responds as if its mass has increased. This added-mass effect can be modeled as an inertial forcing term (f m ) that depends on the relative acceleration between the beam and the fluid as
where A f is the effective hydrodynamic area of the fluid that affects the inertial force f m (per unit length) and q f is the fluid density. The hydrodynamic mass q f A f of the fluid (per unit length) that affects the inertial loading can be described in terms of the corresponding beam mass q b A b (per unit length) and an addedmass coefficient C m as [32] 
Thus, the inertial load f m (in Eq. (7)) can be rewritten in terms of the added-mass coefficient C m by using Eq. (8) as
2.2.1.4 Buoyancy-like force. The last term in Eq. (4), f b , called the buoyancy force in [36] (Chap. 6, page 120) is also referred to as the Froude-Krylov force in Ref. [37] (Chap. 4, page 131). This force arises due to the pressure gradient P 0 across the depth D of the cilium due to the fluid acceleration € u f ðtÞ, which is given by
This pressure gradient results in a difference in forces acting on the cilium due to the variations in the pressure P as shown in Fig.  2 for a small length L b of the cilium-this is similar to the net buoyancy force due to the standard gravity-related pressure gradient. The resulting force (per unit length) acting on the cilium is given by 
Substituting the different terms in the external force f (Eq. (4)) into the the Euler-Bernoulli equation for the cilium dynamics (Eq. (1))-i.e., the drag (friction) force f f from Eq. (5), the internal damping force f i from Eq. (6), the inertial load f m from Eq. (9), and the buoyancy-like force f b from Eq. (11)-and then collecting similar terms in the cilium deflection w, input u b , and fluid motion u f leads to
ðx; tÞ @x 4 ¼ rðtÞ (12) with the forcing term rðtÞ given by
2.2.2 The First Vibrational Mode. As in previous models of vibrating microscale cantilevers in liquid [28, 29, 32] , the main dynamics can be captured through the first vibrational mode of the cilium. Toward this, the cilium deflectionŵ is split into its modal components, with separated spatial X and temporal T parts, aŝ wðx; tÞ ¼ X 1 n¼1 X n ðxÞT n ðtÞ (14) and substituted into Eq. (12) to obtain
Note that X n ðxÞ represents the shape of the nth vibrational mode, which is obtained by considering the homogeneous equation with rðtÞ ¼ 0 in Eq. (15) . The homogeneous equation is satisfied if each mode satisfies
which can be rewritten as a spatial (position x dependent) function on one side and a temporal (time t dependent) function on the other side that are, hence, both equal to a constant (Àz
This yields two equations for the spatial X n and temporal T n portions of the mode
The mode shape X n can be obtained from Eq. (18) as [33] X n ðxÞ ¼ coshðb n xÞ À cosðb n xÞ À r n ðsinhðb n xÞ À sinðb n xÞÞ (19) where
For the first mode (n ¼ 1) of vibration, the parameters in the mode shape (X 1 ðxÞ in Eq. (19)) can be found from the boundary conditions (in Eq. (3)) as [33] b 1 L ¼ 1:875 and r 1 ¼ 0:7341 and X 1 ðLÞ ¼ 2
Multiplying the nonhomogeneous Eq. (15) with the first mode X 1 ðxÞ, using the mode shape property in Eq. (20) and integrating with respect to the length dx, results in
The orthogonality of the mode shapes results in only the first mode remaining after the integration in the above equation to yield
which can be rewritten (using the forcing term r from Eq. (13)) as
where the natural frequency x n , fluid damping ratio f f , and internal damping ratio f i are given by 
where x Ã n ; f Ã f ; and f Ã i are the natural frequency, fluid damping ratio, and internal damping ratio, respectively, without the added-mass effect. Moreover, the output tip displacement, due to the first vibrational mode X 1 and the base motion u b ðtÞ, is
since X 1 ðLÞ ¼ 2 (as in Eq. (22)).
Effect of Sloshing on Cilia
Vibration. The effect of the external forcing (chamber oscillation) on the cilia vibration consists of two parts: (i) the direct forcing due to the motion of the chamber (or cilia base u b ) and (ii) the forcing due to fluid motion u f , which can be different from the chamber/base motion u b because of fluid sloshing. In particular, these two components (u b and u f ) arise in the forcing term rðtÞ (Eq. (13)) and, thereby, appear on the right hand side of the cilium vibration Eq. (25), which can be rewritten in the frequency domain as
where
If the chamber motion and the accompanying sloshing amplitude are not too large, then the additional motion of the fluid u f over the motion of the chamber u b can be captured using linear models, e.g., Refs. [17, 38] , such as a second-order model of the form [17] 
where G sl is the sloshing transfer function that quantifies the additional motion u f of the fluid (at the level of the cilia in the chamber) over the motion u b of the chamber, and K sl ; f sl ; and x sl are the gain, damping ratio, and natural frequency of sloshing in the chamber, respectively. These parameters depend on the fluid properties, the geometry of the chamber, and the height of the cilia location from the base of the chamber. Note that if there is no sloshing, then displacement of the fluid u f is equal to that of the chamber u b . In that case, the sloshing gain K sl is zero, e.g., at the base of the chamber. Similarly, at a low frequency x, the amplification factor jG sl j s¼jx of the sloshing transfer function G sl tends to be small due to the s 2 term in the numerator and the fluid motion u f becomes close to the chamber motion u b .
Transfer Function Model.
The vibrational response of the cilium's tip y (in Eq. (29)) can be rewritten using the sloshing dynamics (in Eq. (32)) and the cilium vibrational model (in Eq. (30)) as
This completes the theoretical modeling of the cilia-motion dynamics.
Experimental Results and Discussions
Experimental data in this section is used to highlight the need to capture the added-mass effect and the sloshing effect in the theoretical model developed in Sec. 2. Additionally, issues that affect the amplitude of cilia motion, such as the liquid height and cilia length, are investigated experimentally. Finally, it is shown that cilia can be used to achieve faster mixing by comparing mixing results with and without cilia.
Added-Mass and Sloshing Effects on Cilia Response.
The following experimental results show the importance of including both the added-mass effect and the sloshing effect to capture the frequency response of the cilia. Toward this, the frequency responses of cilia are comparatively evaluated for three cases as illustrated in Fig. 3 . In the first case (a), the cilia are oscillated in air as in Fig. 3(a) . In the second case (b), the same cilia (as in case (a)) are oscillated in de-ionized (DI) water to comparatively evaluate the effect of moving the cilia in a dense fluid (water) instead of air. In this second case, the chamber containing the water is stationary-therefore, sloshing is not present. In the final case (c), the entire chamber is oscillated (which leads to liquid sloshing) to comparatively evaluate the cilia dynamics with and without sloshing. All the cilia in the three sets of experiments have identical dimensions.
Experimental Frequency Response Data.
The frequency response of the cilia dynamics is obtained by varying the frequency of oscillation. The amplitude of the piezoactuator's motion, which generates cilia oscillation (in cases (a) and (b)) and the chamber/cilia oscillation (in case (c)), is kept fixed at 10 lm for all the three sets of experiments. The amplitudes of the ciliatip motion y and the cilia-base motion u b are measured from images obtained from the video camera. The experimentally obtained frequency responses for the three cases are shown in Fig.  4 . Each data point in these figures represents the average amplification, of the cilia motion y over the base motion u b , of the three cilia in each experimental run. 
where the subscript i is either a or b to denote the two cases ((a) or (b)). The model parameters (damping f 1;i ; f 2;i and natural frequency x n;i ) for cilia oscillated in air (case a, i ¼ a) and in water (case (b), i ¼ b) were obtained by minimizing the least-square of the error between the experimental and predicted frequency responses for each cilium. The parameters obtained through this fit of the experimental data are provided in Table 1 for case (a) and in Table 2 for case (b). It is noted that the parameters (in Tables 1 and 2) are similar for the different cilia in each experimental run. The resulting frequency responses predicted by the models (using the mean values in Tables 1 and 2 for cases (a) and (b)) are shown in Fig. 4 .
Effect of Added Mass on Frequency
Response of Cilia. The added-mass effect leads to a substantial reduction in the resonant-vibrational frequency in water, x r;b , when compared to air (for the same set of three cilia) as seen in Fig. 4 and in Tables 1 and 2 . In particular, the mean resonant-vibrational frequency in water x r;b ¼ 110:14 Hz (Table 2) is substantially lower than the mean resonant-vibrational frequency in air x r;a ¼ 334:13 Hz (Table 1) . Damping effects (in water as opposed to air) cannot explain the substantial reduction in the resonant-vibrational frequency of the cilia oscillated in water when compared to the cilia oscillated in air. For example, a standard second-order model for cantilever structures would yield a resonant-vibrational frequency expression of
where f is the damping ratio (e.g., see Ref. [39] , Sec. 10.8).
With a damping ratio f in water ranging from 0:05 to 0:5 (e.g., Ref. [28] ), the anticipated, resonant-vibrational frequency x r;b in a water is expected to be between 0:997x n;a ¼ 335:73 Hz and 0:707x n;a ¼ 238:08 Hz from Eq. (38) (Table 2) . Thus, damping alone is not sufficient to capture the substantial reduction in the resonant vibrational frequency of cilia actuators when oscillated in liquids when compared to oscillation in air.
The added-mass effect (that accounts for the inertial loading of the fluid) can account for the substantial reduction in the resonant vibrational frequency when operating cantilever-type devices in liquids [32] . Note that the mean, natural frequency in water x n;b ¼ 117:40 Hz (Table 2) is substantially lower than the mean, natural frequency in air x n;a ¼ 336:74 Hz ( Table 1 ). The natural frequency should not be affected by the fluid damping and can be used to estimate the added-mass coefficient C m from Eq. (26) as where the added-mass effect in air (which has low density compared to water) is neglected. By increasing the effective mass (due to the need to accelerate the surrounding fluid), the model with the added mass has a substantially lower natural frequency (as in Eq. (26)) and, thereby, captures the substantially lower resonantvibrational frequency [32] . This value 7:23 for the added-mass coefficient is used in the rest of the article since all cilia, used in the experiments, are made from the same silicon mold using the same fabrication procedures.
Effect of Sloshing on Frequency
Response of Cilia. The model parameters (in Eq. (31)) for the liquid sloshing, obtained by minimizing the least-square of the error between the model's predicted frequency response and the mean experimental frequency response in Fig. 4 , are given by
When finding the sloshing parameters, the cilia-related terms (G 1 ; G 2 ) in the dynamics G y (Eq. (34)) were kept the same as the mean values for case (b) in Table 2 when the cilia were oscillated in a stationary chamber, i.e. Table 2 Parameters for three cilia (the same cilia as in Table 1 in air) actuated in water, i.e., case (b), with the transfer function given in Eq. (37) . The resonance frequency of the fitted model is x r ;b . (40) and (41) is shown in Fig. 4 . It is noted that there is a substantial increase in the cilia motion with sloshing (i.e., when the chamber is oscillated) when compared to the case (b) when the chamber is stationary. To summarize, both, the sloshing effect and the added-mass effect are important when modeling the cilia dynamics-the added mass reduces the natural frequency x n of the cilia vibration (compare cases (a) and (b) in Fig. 4 ) and sloshing increases the amplitude of cilia motion (compare cases (b) and (c) in Fig. 4 ).
Experimental Study of Sloshing Dynamics.
The importance of sloshing dynamics to achieve large amplitude cilia motion is studied in this subsection by comparatively evaluating the cilia motion with and without sloshing for the oscillating chamber (case (c)). Additionally, the effect of liquid height on the sloshing dynamics (and therefore the cilia motion) is experimentally investigated.
Response With and Without Sloshing for Oscillating
Chamber. Sloshing is important to generate the large-amplitude, cilia motion when the entire chamber is oscillated (case (c)). To illustrate this, sloshing was experimentally suppressed by using a glass slide to cover the chamber (which is filled with DI water) and thereby constraining the sloshing of the water surface. The response of the same set of cilia, with and without the glass-slide cover, i.e., without and with sloshing, is shown in Fig. 5 . Note that the amplitude of cilia motion is substantially reduced when sloshing is suppressed as opposed to the case when the water surface is free to slosh. When sloshing is suppressed, the sloshing gain K sl in the transfer function G y (see Eqs. (31) and (34)) becomes close to zero. (c) ). However, such large amplitudes should not be expected, as discussed below. Note that the dynamics of the cilia motion without sloshing (G sl ¼ 0 in Eq. (34)) reduces to the term G 1 in the transfer function in Eq. (34) . The numerator of this term G 1 contains the difference between the density of the liquid q f and the density of the cilium q b , which implies that the transfer function gain tends to zero when the two densities become close. In the current experimental system, the two densities are close-the density of the water is q f ¼ 1000 kg/m 3 and the density of the PDMS cilium is q b ¼ 950 kg/m 3 . Therefore, the amplification of the cilia motion due to cilia resonance without sloshing, represented by the term G 1 , is small. This implies that the cilia and the fluid tend to move together with the chamber when the chamber is oscillated without sloshing. Thus, large cilia motion is not achieved without sloshing, and therefore sloshing plays an important role in achieving large cilia motion as illustrated by the experimental results in Fig. 5. 
Cilia Motion Without
Sloshing. Even without sloshing, vibrational resonance could lead to large-amplitude, cilia motion when the entire chamber is oscillated (case
Effect of Liquid
Height on Cilia Dynamics. The sloshing dynamics, modeled by a linear second order system in Eq. (31), depends nonlinearly on the geometric properties of the chamber such as its diameter and the liquid height. For example, the variation of the frequency response when the liquid height is varied for the same set of cilia is shown in Fig. 6 . As the liquid height increases, the distance of the cilia (which is at a fixed height from the base of the chamber) from the free surface of the sloshing water also increases. The sloshing parameters corresponding to each height experiment are obtained by minimizing the least-square of the error between the model's predicted frequency response and the mean experimental frequency response in Fig. 6 , where the cilia-related terms (G 1 ; G 2 ) in the dynamics G y (Eq. (34)) were kept the same as the mean values for case (b) given in Eq. (41) . The resulting sloshing parameters are given in Table 3 .
The variation in the sloshing response with different liquid heights in the chamber, which also changes the distance of the cilia from the free surface, is expected. In particular, the liquid near the free surface has a larger sloshing amplitude compared to the liquid farther below the free surface [17] . Therefore, the sloshing gain K sl is expected to decrease with an increase in the liquid height above the cilia. Moreover, the reduction in the sloshing natural-frequency x sl in Table 3 with liquid height is also expected in standard sloshing models, which predict that the sloshing natural-frequency, for cylindrical containers, is proportional to the square root of a hyperbolic tangent function of the depth of water [17] . Although standard sloshing models are developed for Fig. 5 Experimental frequency responses (mean value of three cilia) with and without sloshing, i.e., free surface is constrained from sloshing with a glass cover. The same set of three cilia was used for both experiments, with and without sloshing. relatively larger containers [17] , the sloshing in the chamber has a similar functional dependence on the liquid height in the range of the operating conditions. In particular, the natural frequency variation with height, in Table 3 and shown in Fig. 7 , has the form
where h is the water level, R is the radius of the chamber, x sl is the sloshing natural frequency in Hertz, and with the least-squares fit to reduce the error between the model and the experimental values resulting in parameters
The resulting prediction of the variation in the sloshing naturalfrequency in Eq. (42) is shown in Fig. 7 , which indicates that the frequency-variation with liquid-height meets the expected hyperbolic tangent relation. It is noted that such models can be used to predict the sloshing frequencies for other water levels in the chamber, e.g., to optimize the interaction between the cilia dynamics (G 2 term in Eq. (34)) and the sloshing dynamics (G sl term in Eq. (34)) for maximizing the cilia response.
3.3 Fluid-Structure Interaction. The interaction between the liquid dynamics (sloshing) and the structural dynamics (cilia vibrations) predicted by the model is experimentally investigated in this subsection.
3.3.1 Fluid-Structure Interaction in the Model. For a given sloshing dynamics (K sl ; f sl ; x sl ), the cilia motion will be excited the most when the cilia resonance x r;b in water gets close to the sloshing natural frequency x sl . This is because the increase in the cilia motion y compared to the chamber oscillation u b depends on the product G sl G 2 (in Eq. (34))-especially since the term G 1 is small when the liquid density q f is close to the cilia density q b as discussed before. The product G sl G 2 becomes large when each term becomes large. More precisely, the cilia-motion amplitude will be maximized when the resonance frequency of the structural-vibration term G 2 is the same as the resonance frequency of the sloshing term G sl and the cilia motion will be maximized if both these resonance frequencies (of structural-vibrations G 2 and sloshing G sl ) are the same. Thus, the interaction of the sloshing dynamics (G sl term) with the structural-vibration dynamics (G 2 term) is important in determining the cilia motion.
Interaction of Sloshing and Added-Mass Effects.
The added-mass effect plays a key role in the interaction between structural-vibrational resonance and sloshing resonance by lowering the vibrational-resonance frequency. For example, without the added-mass effect, the resonance frequency would be at 334:13 Hz (see Table 1 ). The ensuing excitation of structural vibrations by sloshing with such a high vibrational-resonance frequency (without the added-mass effect) would not be as much as the case when the vibrational-resonance frequency of the cilia is lowered by the added-mass effect. This re-emphasizes the importance of considering both effects, added-mass and sloshing, to capture the response of the cilia.
Experimental
Results for Varying Cilia Length. For a given sloshing response, increased cilia motion should be expected when the natural frequency of the cilia in water x n gets closer to the natural frequency x sl of the sloshing dynamics-note that the resonance frequencies are close to the natural frequencies due to small damping. To illustrate this, the frequency responses of cilia with different lengths (i.e., different vibrational response G 2 and natural frequencies) are excited with the same sloshing dynamics G sl , i.e., a fixed natural frequency for sloshing. One expects the motion to be largest for cilia whose resonance frequency of structural vibration is closest to the resonance frequency of sloshing.
Procedure and results.
Cilia were cut with a sharp blade, and the lengths were measured using images acquired with the microscope where the length of the uncut cilia is known a priori. The frequency responses of the different-length cilia were measured when the cilia were oscillated in a stationary chamber (case (b)) and when the chamber was oscillated (case (c)). The same cilia were used in both the experiments. The experimental frequency responses for each case (shown in Fig. 8 and 9 ) were fitted using least-squares error minimization as discussed before (for cases (b) and (c)) and the resulting model parameters are shown in Tables 4 and 5. 3.3.3.2 Discussion of length effect. As anticipated, when the chamber is oscillated, the sloshing tends to excite the cilia substantially more if the sloshing resonance is close to the cilia resonance. For example, the 800 lm cilium has the largest amplitude (seen in Fig. 9 as well as Table 5 ) because its vibrational-resonance frequency in water x r;w ¼ 108:40 Hz (see Table 4 ) is closest to the sloshing resonance-frequency that is, in turn, close to the sloshing natural-frequency x sl that lies between 95 and 98 Hz (see Table 5 ). Note that even with different lengths, the maximum (input-to-output) amplifications of the different-length cilia are about the same when the cilia are oscillated in the fixed chamber-see Fig. 8 and Table 4 -the shortest 425 lm cilium has a maximum amplification A max of 1:75, which is close to the maximum amplification of 1:85 for the longest 800 lm cilium in Table  4 . In contrast, the amplification ratios are substantially lower for the two, shorter cilia than the longest cilium in the sloshing case-the shortest 425 lm cilium has a maximum amplification of 1:83, which is much smaller than the maximum amplification of 3:58 for the longest 800 lm cilium in Table 5 .
3.3.3.3
Predictive capabilities of the model. The model can predict the variation in the dynamics with the change in length, e.g., for the cut cilia. To illustrate, the parameters found for the intact (not cut) 800 lm cilium were used to predict the response of cut cilia in the oscillating chamber. In particular, the natural frequencies of the shorter cilia (in a stationary chamber) were predicted as x n;w;660 ¼ x n;w;800 Ã ð800=660Þ 2 ¼ 169:46Hz x n;w;425 ¼ x n;w;800 Ã ð800=425Þ 2 ¼ 408:68Hz (43) since the natural frequency of a vibrating cantilever is inversely proportional to the square of the length, where the lengths of the cilia are added as subscripts for clarity. The damping ratios ðf 1 ; f 2 Þ do not change significantly with length (as seen in Table 4 as well as in previous work [32] ); therefore, the damping ratios for the cut cilia were chosen to be the same as the damping ratios for the uncut 800 lm cilium, i.e., f 1 ¼ 0:435 and f 2 ¼ 0:446 from Table 4 . The sloshing parameters in the predicted models for the cut cilia were kept the same as those for the uncut 800 lm cilium, i.e., K sl ¼ 0:482, f sl ¼ 0:094, x sl ¼ 97:07 from Table 5 .
The predicted frequency response is close to the frequency response of the fitted models and the experimental data of the frequency response as shown in Fig. 9 . The maximum errors E fit ; E pred in the frequency response between the fitted and predicted models, provided in Table 5 , are defined as
where A exp , A fit , and A pred represent the amplification factors of the frequency responses (at each frequency x k where the experimental data are available) from the experiments, fitted models, and predicted models, respectively. Note that the maximum error E pred with the predicted model (e.g., 9:12 for the 660 lm cilium) is similar to the maximum error E fit of the fitted model, e.g., 6:46 for the 800 lm cilium that is used to predict the model of the cut cilia. Hence, the model can be used to evaluate the effect of changing cilia length. For example, with a given chamber geometry (i.e., given sloshing dynamics), the model could be used to optimize the cilia length for maximizing the cilia motion. The validity of using the above models for predicting the effect of parameter variations such as cilia stiffness and fluid viscosity has not been investigated in this work. For example, previous work [17] (pages 166-167) has shown that the main sloshing frequency tends to be relatively insensitive to large changes in fluid viscosity. Nevertheless, such studies were for relatively largesized chambers. Additional work is needed to validate the currently proposed models for such parameter variations.
Mixing
With and Without Cilia. The mixing results of ink and water in an oscillating chamber with-and-without cilia (but with liquid sloshing in each case) are comparatively evaluated to show that the use of cilia leads to faster mixing.
Procedure for Mixing Experiments.
The procedure of the mixing experiment with cilia is described below. The procedure for the mixing experiments without cilia (i.e., vibration only) is the same as the case with cilia except that cilia are not present in the chamber. For mixing experiments with cilia, three cilia are arranged in the mixing chamber as shown in Fig. 10 . The cilia mixing device is attached to the piezoactuator as shown in Fig.  1(a) . The cilia mixer system is positioned above an inverted microscope. After positioning the cilia mixer, DI water (11 ll) is added to the chamber using a pipette. Collapsed cilia, if any, are straightened by using tweezers. Next, 0:25 ll of black ink (Drawing ink A, Pelikan, Hannover, Germany, that is diluted 80 times with DI water) is released gently using a pipette at the center of the chamber under the water surface. The initial image of the ink drop (at time t ¼ 0 s) is shown in Fig. 11 . A thin PDMS sheet is placed above the chamber to enclose the mixing chamber to avoid evaporation of the solution during the mixing experiments. The PDMS cover does not suppress sloshing of the free surface because the solution volume together with the cilia-support structure creates a maximum water height of 1:66 mm, which does not reach the top of the chamber. Additionally, a support for the cover is added (as in Fig. 10 ) to prevent the cover from sagging and touching the water surface. Subsequently, the piezoactuator is used to oscillate the chamber perpendicular to the length of the cilia with an amplitude of 10 lm as in Fig. 3(c) . The oscillation frequency is chosen as the maximum-amplitude resonance frequency with the cilia, which was measured for each run before the ink was introduced-this oscillation frequency is kept the same for both cases, with and without cilia, for that particular run.
Each mixing experiment (with and without cilia) was repeated seven times. For each mixing experiment, the initial image is captured after the addition of ink and after the thin PDMS sheet is used to cover the chamber but just before the start of the chamber oscillations with the piezoactuator. Preliminary experiments were performed to choose a sufficiently large time for the mixing experiments such that the mixing index (described in the section below) reaches a steady state value. Based on these preliminary studies, the time t N for the final image was chosen as 50 s for the case with cilia and 600 s for the case without cilia. (Additionally, the images were inspected to visually verify that they do not change significantly when the last images were collected.) The time for the mixing index to reach and stay within 90% of its final value is used to quantify and comparatively evaluate the mixing performance with and without cilia. A CCD camera, attached to the microscope (see Fig. 1(a) ), is used to videorecord the mixing process for evaluation; samples of the acquired images are shown in Fig. 11 .
Quantifying
Mixing. The mixing was quantified by comparing images from the video recording of the mixing process using a mixing index I mix developed in Ref. [40] , which is a discrete version of the continuous time mixing index defined in Ref. [41] . The mixing index, which is a measure of relative mixing is initially 0 and approaches 1 when the fluids become fully mixed, is given by
where ½t k N k¼1 represents the different time instants when the images are evaluated, N is the total number of images, P is the number of pixels in each of the images, C p ðt k Þ is the color of pth pixel at time instant t k and the normalization factor I ss is given by
Each image used in this analysis is composed of an array of 352 pixels by 240 pixels, and the color of each pixel C is a vector of three values
which represents red, green, and blue color with values between 0 and 255. Given any two pixel colors C i and C j , the difference between them (used in Eqs. (45) and (46)) is defined as
As the mixing progresses and reaches a steady state (i.e., as t k approaches t N ), the difference between the color of the corresponding pixels in the images becomes small, which tends to increase the values of I mix from an initial value of zero toward one. The normalization factor I ss in Eq. (46) uses the last two images to make the mixing index close to one when the mixing process reaches steady state and the images become similar. This is necessary because noise in the image (partly due to the Fig. 10 Schematic setup of cilia device shown in Fig. 1(a) for mixing experiments in a 3 mm diameter chamber Table 5 Oscillating chamber: parameters and maximum amplification A max , of fitted models for different-length cilia corresponding to Fig. 9 
Mixing Results and Discussions.
The mixing time is substantially reduced with cilia when compared to the case without cilia even though liquid sloshing occurs in both cases. The reduction in mixing time is visually observable in the images (with and without cilia) shown in Fig. 11 . For example, to reach the 90 % mixing time (corresponding to the images on the fourth column), the mixing takes 19 s with the cilia whereas it takes 217 s for the case without the cilia. To quantify the mixing rate, the variation of the mixing index for the seven experimental runs (with and without cilia) are shown in Fig. 12 and 13 and the 90 % mixing times for the different experiments are presented in Table  6 . It is noted that the average mixing time of 14:9 s with cilia is about 12 times lower than the average mixing time of 176:4 s without cilia. Therefore, the use of cilia can substantially decrease the mixing time, by more than one order of magnitude, when compared to the case without cilia. The mixing performance could be improved further with the use of more general inputs (chamber oscillations); the current model (with its relatively low-order dynamics) is well suited for controller development in such future studies.
3.4.4 Potential Use of Model in Mixing Optimization. The current work shows that large cilia motion can be used to reduce the time needed for mixing. The experiments used sinusoidal excitation of the chamber; however, it is possible that a more general input (oscillation of chamber) can lead to even faster mixing. The low order of the current model makes it well suited to design such optimal control for the mixing process. Moreover, by providing insight into effects, such as the interaction between added mass and sloshing in determining cilia motion amplitudes, the model can be used to provide guidelines for optimizing the cilia design, such as the choice of the cilia length for a given chamber geometry. An advantage of the current model is the low order of the dynamics, which does not pose substantial computational burden in optimization studies and controller development. Further work is needed to evaluate these models for such control and design approaches to optimize cilia-based devices. Table 6 ; and (b) without cilia, run 1 in Table 6 Fig . 12 Time profiles of the mixing index I mix in Eq. (45) for seven experimental runs with cilia. The 90% mixing time is indicated with circles. 
Conclusions
This article modeled the dynamics of cilia-based devices for mixing and manipulating liquids in microfluidic applications. The models showed that, both, sloshing and added-mass effects play substantial roles in generating large-amplitude cilia motion in liquid. Additionally, experimental results, with and without cilia, were comparatively evaluated to show more than one order-ofmagnitude reduction in the mixing time with the use of cilia. 
